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Abstract 

In this paper, we show that the weak solution to the Neumann problem for the 
differential operator uu λ+∆−  in a domain whose boundary is a curvilinear 

polygon, is not merely in 1H  but in ,sH  where ( ]2,23∈s  depends on the 
interior angles at the corners. We apply this result to the reconstruction 
problem of turbulent layers in adaptive optics. 

1. Introduction 

The problem we are dealing with in this paper is motivated by a 
problem from adaptive optics. 

Since the wavefront of incoming light is distorted by atmospheric 
turbulences, modern ground based telescopes use adaptive optics 
systems, where one or more deformable mirrors are used to correct for 
phase perturbations (see, e.g., [7]). In the case of multi conjugate 
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adaptive optics (MCAO), multiple wavefront sensors as well as multiple 
deformable mirrors are employed to achieve a high degree of wavefront 
correction. The wavefront measurements from multiple directions are 
used to solve the so-called atmospheric tomography problem, i.e., the 
reconstruction of turbulent layers above the telescope. This problem is 
severly ill-posed and has to be solved via regularization methods          
(see, e.g., [1]). In [2, 6], this problem was treated with a Landweber-
Kaczmarz regularization method. 

In this iteration method, the final step for the computation of the 

iterates-1H  consists in applying the adjoint of the embedding operator 

from ( )lH Ω1  into ( )lL Ω2  for each turbulent layer ,,,1 Ll …=  where 

{( ) ( ) ( ) },:,: 22222

1
ollil rbhyahxryx ≤−+−≤∈=Ω

=
kk

G

k

R∪  

( ) ,0,, 2 >∈ lhba Rkk  and G is the number of guide stars, i.e., lΩ  is a 

union of annuli with inner radius ir  and outer radius or  (see Figure 1.1). 

 

Figure 1.1. Three different regions ( )22,,2,3,10: baGrr iol ===Ω  

( ) ( )0,, 11 zba =−  with 16=z  (left), 10=z  (middle), and 4=z  (right). 

To have some freedom, the authors of [2] use the following weighted 

inner product in :1H  

.0,,, 22 >λλ+∇∇ LL vuvu  
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Let ( ) ( )Ω→Ω 21: LHi  denote the embedding operator and let 

( ),2 Ω∈ Lf  then fiu ∗=:  is the solution to the problem 

( ) ( ) ( ),,,, 222 ΩΩΩ =λ+∇∇ LLL vfvuvu  

for all ( ),1 Ω∈ Hv  or equivalently, ( )Ω∈ 1Hu  is the weak (variational) 

solution of the boundary value problem 

,in Ω=λ+∆− fuu  

.on0 Ω∂=
∂
∂
ν
u  (1.1) 

Considerations in adaptive optics show that the turbulent layers are 

usually smoother than ,1H  namely, they are in sH  with 611≈s        

(cf. [2, Subsection 3.1]). Therefore, it would be advantageous if the 

regularized solutions were also smoother than .1H  It turns out that this 
is actually the case. 

It is well-known that the solution u to (1.1) even satisfies ( ),2 Ω∈ Hu  

if the boundary Γ  is 1,1C  or if Ω  is convex (see, e.g., [3, Sections 2 and 
3]). It was shown in [3, Section 4] that the solution is an element of 

( )ΩsH  with ( )2,23∈s  if Ω  is a rectilinear polygon with non-convex 

corners, where the value s depends on the angles larger than .π  This 
result was used in [2], where it was applied to annular regions where the 
boundary is approximated by rectilinear polygons. 

In the next section, we prove similar results for curvilinear polygons. 
We follow the ideas of [3, Subsection 5.2], where such results have been 
shown for Dirichlet problems. It turns out that the study of Neumann 
problems is more difficult and not just a straight forward extension. 

In the last section, some useful results about Sobolev spaces and 
standard results about the solution to elliptic boundary value problems 
from [3] are collected for the convenience of the readers. 
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2. Smoothness of Solutions to Neumann Problems 

We now fix some notations concerning the sets ,Ω  we want to deal 
with (compare [3, Subsection 1.5.2]): Ω  is an open bounded connected 

subset of ,2R  whose boundary is a curvilinear polygon of class 1,1C  (see 

[3, Definition 1.4.5.1]). The interior of each of the 1,1C  curves of the 
boundary is denoted by jΓ  with .,,1 Nj …=  The curve 1+Γj  follows jΓ  

according to the positive orientation on each connected component of ,Γ  
i.e., counter-clockwise at the outer boundary and clockwise for interior 

curves. The endpoints of ,jΓ  i.e., the corners, are denoted by .jS  

 

Figure 2.1. Curvilinear polygon. 

Thus, usually, jS  will be the starting point of the curve ,1+Γj  except 

for the endpoints of the outer and inner boundaries. Figure 2.1 shows a 
curvilinear polygon with one interior curve: The outer boundary has 4 

corners and the interior one 2; 4S  is the starting point of 1Γ  instead of 

5Γ  and 6S  is the starting point of 5Γ  instead of .7Γ  
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Moreover, let ( )σjx  be the point on ,Γ  whose distance to jS  is .σ  

Thus, for σ  small enough, ( ) jjx Γ∈σ  for 0<σ  and ( ) 1+Γ∈σ jjx  for 

.0>σ  The interior angle between the tangents of the boundary curves   

at the corner ,jS  i.e., between ( )+′ 0jx  and ( ),0−′jx  is denoted by 

( ) { }.\2,0 ππ∈ω j  

Finally, jν  denotes a 1,0C  vector field in a neighbourhood of ,Ω  

which is the unit outward normal a.e. on .jΓ  

Allowing non homogeneous boundary conditions, Equation (1.1) turns 
into 

,in: Ω=λ+∆−= fuuLu  

,,,1,on Njgu
jj

j
…=Γ∂=

∂
∂
ν

 (2.1) 

where ( ) ( ),, 2
1

2
jj HgLf Γ∈Ω∈  and .0>λ  The variational formulation 

for this problem reads as 

( ) ( ) ( ) ( ),,,,, 2222

1
jLj

N

j
LLL vgvfvuvu Γ

=
ΩΩΩ ∑+=λ+∇∇  (2.2) 

for all ( ).1 Ω∈ Hv  In the latter inner product instead of v one should 

actually write ,vjγ  where jγ  is the trace operator mapping a function 

onto its restriction on .jΓ  Wherever it is clear from the context we omit 

.jγ  Noting that Ω∂  is of class ,1,0C  the existence and uniqueness of the 

solution ( )Ω∈ 1Hu  of (2.2) follows with the Lax-Milgram lemma and 

Theorem 3.5. Moreover, we obtain the estimate 

( ) ( ) ( ) ( ) ,1 22
1

22
1

1

1

1













λ+λ+λ≤ Γ

=
Ω

−
Ω ∑ jLj

N

j
LH gcfu  (2.3) 
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for some .0>c  This estimate shows that to guarantee the existence of a 

solution ( ),1 Ω∈ Hu  the functions jg  not necessarily have to be elements 

of ( ).2
1

jH Γ  However, if we want to prove higher smoothness of the 

solution u, i.e., ( )Ω∈ sHu  with ,1>s  then ( )jj Hg Γ∈ 2
1

 is needed. 

 

Figure 2.2. Transform of corner region. 

The proof of the smoothness of the solution u is based on results       

for regions with 1,1C  boundaries and for rectilinear polygons (see            
[3, Sections 2 and 4] and Theorems 3.9 and 3.10 below) combined with a 
perturbation theory for problem (2.1) after a local transform of the region 
close to a corner onto a set, where the boundary is rectilinear near the 
corner with the angle unchanged. The transform we need is described in 
the following remark: 

Remark 2.1. Let us assume that Ω  is even simply connected with 
only one corner ( )1=N  and that (after a rotation) 

( ) ( ) ( ) ( ).sin,cos0and0,10 1111 ωω−=′=′ −+ xx  

For σ  sufficiently small, we define the 1,1C  functions 

( )
( )

( )
( )

( )

( )





<σσ+

≥σσ
=σ







<σωωσ+

≥σσ−
=σ

.0,0,1

,0,
:

,0,sin,cos

,0,
:

1

1
2

111

1
1

S

x

S

x
κκ  
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Moreover, we define the transform 

( ) .sinsin
cos:, 1

1
1

1
1

2 Syyxyx −







ω
+








ω
ω

−=φ κκ  

Due to the inverse function theorem, a neighbourhood W of ( )0,0  and an 

0>ε  exist such that (see Figure 2.2 for a possible transform of regions): 

(i) ( )1: SBW ε→φ  is bijective, φ  and its inverse 1−φ=/v  are 1,1C  

transforms. 

(ii) ( ) ( )10,0 SvDID /==φ  and ( ) ∞<<φ<< 21 ,det0 cyxDc  for all 

( ) Wyx ∈,  and some constants ., 21 cc  Here φD  denotes the Jacobian of 

.φ  

(iii) ( ) ( ) ( ) ,0,0,allfor0, 1 >σ∈σσ=σφ Wx  

( ) ( ) ( ) .0,sin,cosallforsin,cos 11111 >σ∈ωσωσσ−=ωσωσφ Wx  

(iv) ( ){ }( ) ( ) .0,0:sin,cos 11 Ω=ω<θ<>σθσθσφ ε ∩∩ SBW  

Remark 2.2. Under a transform φ  as in the remark above, also a 

differential operator and boundary conditions are transformed: Let 

( ) Ω⊂Ω ε ∩1
~ SB  be an open domain, whose boundary is a curvilinear 

polygon of class 1,1C  with only one corner 1S  that coincides with the 

boundary of Ω  near .1S  Thus, 11 \~:~ SΩ∂=Γ  is a 1,1C  curve. 

If u solves the boundary value problem 

,~in: Ω=λ+∆−= fuuLu  

,~on 11
1

Γ=
∂
∂ gu
ν
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with ( )Ω∈ ~2Lf  and ( ),~
11 2

1
Γ∈ Hg  then it is an immediate consequence 

of the chain rule and conditions (i)-(iv) in Remark 2.1 that φ= Duw :  

solves the boundary value problem 

( ) ( ),~:in Ω/=Ω′φ=φ= vfLuAw DD  

( ) ( ),0,0\:ondet 11
1,

Ω′∂=Γ′φφ−=
∂
∂ Dgw

A
D

ν
 

where A is again a strongly elliptic differential operator of the form 

( ) .:
2

1

2

1,
wwDawDaDAw ii

i
jiji

ji
λ++= ∑∑

==

 (2.4) 

The coefficients of A satisfy the conditions 

( ) ( ) ,0,,1,0 >λΩ′∈Ω′∈ ∞LaCa iij  

( ) ( ) ( ) ,00,0,0,010,0, 1222112112 ==−== aaaaa  

( ) ( ),, 2
2

2
1

2

1,
ξ+ξα−≤ξξ∑

=
jiij

ji
yxa  (2.5) 

for all ( ) ( ) ,,,, 2
21 R∈ξξΩ′∈yx  and some .0>α  

The expression 
1,A

w
ν∂
∂  denotes the conormal derivative defined by 

,1

2

1,1,
wDaw

j
i

ij
jiA

ν
ν ∑

=

=
∂
∂  

where i
1ν  is the i-th component of the unit outward normal at the 

boundary .1Γ′  
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Note that Ω′  satisfies the conditions: 

(i) Ω′  is an open bounded subset of ,2R  whose boundary is a 

curvilinear polygon of class 1,1C  with only one corner at ( ).0,0  Note that 

Ω′∂  is of class .1,0C  

(ii) The boundary ( )0,0\:1 Ω′∂=Γ′  is rectilinear close to ( )0,0  with 

interior angle ( ) { }.\2,01 ππ∈ω  

As in [3, Subsection 5.2], we need some preparatory lemmata for 
regions with only one corner. 

Lemma 2.3. Let 2R⊂Ω′  satisfy the conditions (i) and (ii) in Remark 
2.2 and let A be a differential operator of the form (2.4), where the 
coefficients satisfy the conditions in (2.5). Then, there exists a constant 

0>c  such that 

( ) ( )
( )

( ) ,1

12
122

1, 












+

∂
∂+≤ Ω′

Γ′
Ω′Ω′ H

HALH wwAwcw
ν

 (2.6) 

for all ( ).2 Ω′∈ Hw  Moreover, it holds that the operator ( ) →Ω′2: HTA  

( ) ( ),1
2 2

1
Γ′×Ω′ HL  defined by 

,,:
1, 







∂
∂=

A
A

wAwwT
ν

 (2.7) 

has a finite-dimensional null-space and closed range, i.e., it is a semi-
Fredholm operator. 

Proof. Let Ω′⊂O  be an open domain, whose boundary is a 
rectilinear polygon that coincides with Ω′∂  close to ( ).0,0  It is always 

possible to choose O such that all other angles (except 1ω ) are in the 

interval ( ).,0 π  Moreover, let ( )Ω′∈ 2Hw  and let η  be a ∞C  cut-off 

function equal to 1 near ( )0,0  and with support in O. It will turn out 

later on how small the support should be. 
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In a first step, we consider :wη  estimate (3.4) implies that 

( ) ( ) ( )
( )

( )







∂
η∂

+η≤η
Γ′

Ω′Ω′
12

122
1,

1
HALH

wwAcw
ν

 

( ) ( ) ( )
( ) ( )

( )
,

12
12

1, 






∂
η∂

+
∂
η∂

+η∆++
Γ′

Ω′
HAL

wwwA
νν

  (2.8) 

for some .01 >c  Obviously, 

( ) ( ) ( ) ( ) ( ) ( ),2 122 2 Ω′Ω′Ω′ η+ηη≤η∆+ HHL wcwcwA  (2.9) 

for some 02 >c  and 

( )
( ) ( )

{ ( ) ( ) ( ) }.,,1,,1,max: 122211supp,
yxayxayxac

yx
++=η

Ω′η∈ ∩
 

Noting that 1Γ′  is of class 1,1C  and that 

( )
( )

( ) ( ) ( ) ( ),2

2
22

111
2

12
1 τ

−τ

τ
σξσ

ξ

−ξ
+= ∫∫ Γ′Γ′Γ′

Γ′

ddgggg
L

H
 

we obtain together with 

( ) ( ) (( ) ) ( )x
A

waaww η++=
∂
η∂+

∂
η∂ 2

112
1
111

11,
1 νν

νν
 

( ( ) ) ( ) ,1 2
122

1
112 ywaa η+++ νν  

the estimate 

( ) ( )

( )
( ) ( ) ( )( )

12
1

12
1

12
1 11

11,
22 Γ′Γ′

Γ′
γ+γη≤

∂
η∂

+
∂
η∂

HyHx
HA

wwcww
νν

 

( ) ( )( ),
1

2
1

2 113 Γ′Γ′ γ+γ+ LyLx wwc  
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for some ,03 >c  where 1γ  denotes the trace operator. Since Ω′∂  is of 

class ,1,0C  we may apply Theorem 3.5 and inequality (3.1) ( ,1with =r  

)2,47 == ts  to obtain 

( ) ( )

( )
( )( ) ( ) ( )( ),12

12
1

3
4

11, Ω′
−

Ω′
Γ′

ηε+ηε+η≤
∂
η∂

+
∂
η∂

HH
HA

wwccww
νν

 (2.10) 

for some 04 >c  and any .0>ε  

Due to (2.5), we may choose the support of η  so small that 

( ) ( ) .24
1

41 ccc
+

≤η  

Together with the choice ( ),41 41cc=ε  the estimates (2.8)-(2.10) yield 

that 

( ) ( ) ( )
( )

( )
( ) ,1

12
122

1,
5 













η+

∂
η∂

+η≤η Ω′
Γ′

Ω′Ω′ H
HALH wwwAcw

ν
 (2.11) 

for some .05 >c  

Now we consider ( ) :1 wη−  We choose an open domain Ω′⊂Ω ′′  with 

a 1,1C  boundary, such that the boundary of Ω′′  coincides with the 
boundary of Ω′  outside of the set { }.1=η  Then estimate (3.2) 

immediately implies that 

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ,1111 1

12
122

1,
6 













η−+

∂
η−∂

+η−≤η− Ω′
Γ′

Ω′Ω′ H
HALH wwwAcw

ν
 

(2.12) 

for some .06 >c  
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Noting that for any ( )OC 1,1∈ρ  

( ) ( ) ( ) ( ) ,122 7 Ω′Ω′Ω′ +ρ≤ρ HLL wcAwwA  

for some 07 >c  (depending on ρ ) and that, due to Theorems 3.1 and 3.5, 

( )

( ) ( )
( ),1

12
1

12
1 8

1,1, Ω′
Γ′Γ′

+
∂
∂ρ≤

∂
ρ∂

H
HAHA

wcww
νν

 

for some 08 >c  (depending on ρ ), the desired estimate (2.6) follows from 

(2.11), (2.12), and Theorem 3.1. 

Since ( )Ω′2H  is compactly embedded in ( ),1 Ω′H  the assertion on the 

operator AT  being a semi-Fredholm operator is equivalent to estimate 

(2.6) (see, e.g., [8, Satz 12.12]). 
 

Lemma 2.4. Let 2R⊂Ω′  satisfy the conditions (i) and (ii) in Remark 
2.2 and let A be a differential operator of the form (2.4), where the 
coefficients satisfy the conditions in (2.5). Moreover, we assume that the 
operator ,AT  defined by (2.7), is one to one. 

Then it holds that AT  maps the space ( )Ω′2H  onto ( ) ( )1
2 2

1
Γ′×Ω′ HL  if 

( )π∈ω ,01  and onto a closed subspace of ( ) ( )1
2 2

1
Γ′×Ω′ HL  of codimension 1   

if ( ).2,1 ππ∈ω  

Proof. In a first step, we consider the special case wLwAw ∆−== :  

.0, >λλ+ w  It is obvious that L satisfies the conditions in (2.5). 

Moreover, (2.3) implies that ( ) { }.0=LTN  Note that .
11, νν ∂

∂=
∂
∂ ww

A
 

Let ( ) ( ),, 11
2 2

1
Γ′∈Ω′∈ HgLf  and let ( )Ω′∈ 1Hw  be the unique 

weak solution to 

,in Ω′= fLw  
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.on 11
1

Γ′=
∂
∂ gw
ν

 

Moreover, let ,, Ω′⊂Ω′′Ω′⊂O  and η  be as in the proof of Lemma 2.3. 

Since 

( ) ( ),2 2 Ω′∈λη−η∆+∇⋅η∇+η−=η∆ Lwwwfw  

( ) ( ),11
1

1
1

2
1
Γ′∈γ

∂
η∂+η=

∂
η∂ Hwgw

νν
 

it immediately follows with Theorem 3.9 that 

( ) ( ).1 2 Ω′∈η− Hw  

Furthermore, Theorem 3.10 implies that 

( ) ( ) ( ) ( ),2,if,,0if 1
2

111
2 ππ∈ωΩ′∈ρ−ηπ∈ωΩ′∈η HcwHw   

for some .01 >c  This already implies the assertion in case ( ).,01 π∈ω  

Let us now assume that ( ).2,1 ππ∈ω  Then ( ).2
11 Ω′∈ρ− Hcw  Since 

Lemma 2.3 applied to LA =  implies that ( ( ))Ω′2HTL  is closed in 

( ) ( ),1
2 2

1
Γ′×Ω′ HL  it follows that 

( ) ( ) ( ) ( ) ,00,:,,, 1
2

11 ≠ρ−=Ω′∈+= LPIzHvzcvTgf L  

where P is the orthogonal projector onto ( ( )).2 Ω′HTL  Thus, whenever 

( ) ( ) ( ) ,0,,
12

1
21 =Γ′×Ω′ HLzgf  

the solution ( ).2 Ω′∈ Hu  This proves the assertion. 

Let us now consider the general case: We define the operators 

( ) ( ) [ ].1,0,1: ∈−+= tTttTtT LA  

Since the corresponding operators ( )LttA −+ 1  satisfy the assumptions 

of Lemma 2.3, we may conclude that ( )tT  is a semi-Fredholm operator 
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for all [ ].1,0∈t  Noting that the operators ( )tT  depend continuously on t, 

it follows with [4, Theorem IV-5.17] (see also the proof of [4, Theorem IV-
5.22]) that the index of ( ),tT  i.e., the difference of the dimension of 

( )( )tTN  and the codimension of ( )( ),tTR  is constant. Since the operators 

LT  and AT  are one to one, ( )LTR  and ( )ATR  have the same 

codimension. The assertions now follow with the results for the special 

case .LA =  
 

Now, we are able to prove our main result for curvilinear polygons 
using the same notation as above. 

Theorem 2.5. Let Ω  be an open bounded connected subset of ,2R  

whose boundary is a curvilinear polygon of class 1,1C  with N segments 
,jΓ  corners ,jS  and interior angles ( ) { } .,,1,\2,0 Njj …=ππ∈ω  Then 

problem (2.1) has a unique solution ( )Ω∈ 1Hu  for all ( )Ω∈ 2Lf  and 

( ).2
1

jj Hg Γ∈  Moreover, there are unique numbers jc  such that 

( )

( ),2

2,
1

Ω∈ρ−

ππ∈ω
=
∑ Hcu jj

N

j
j

 

where the functions jρ  are defined as in (3.3). In addition, it holds that 

( ) .1:inf12








≤≤
ω
π+<≤Ω∈ NjswithsallforHu

j
s  

Proof. Let ( ) ( ),, 2
1

2
jj HgLf Γ∈Ω∈  and let ( )Ω∈ 1Hu  be the unique 

weak solution to (2.1). Let jη  be a ∞C  cut-off function equal to 1 near jS  

such that the support does not intersect kΓ  for j≠k  and .1+j  Then 

( ) ( ),~2:~ 2
jjjjjj LuuffuL Ω∈η∆−∇⋅η∇−η==η  
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( )
( ),~:~ 2

1

jj
j

j
jj

j

j Hugg
u

Γ∈γ
∂
η∂

+η==
∂
η∂

νν
 

where Ω⊂Ω j
~  is an open domain, whose boundary is a curvilinear 

polygon of class 1,1C  with only one corner jS  that coincides with the 

boundary of Ω  near .jS  Moreover, we assume that jΩ~  contains the 

support of jη  and .\~:~
jjj SΩ∂=Γ  

Let jφ  be a transformation satisfying conditions (i)-(iv) in Remark 

2.1 near jS  (after a rotation). Note that if ( )jηsupp  is small enough, one 

can choose jΩ~  so small that it is contained in .jW  Then ( ) =Ω/=Ω′ jj v ~:  

( )jΩφ− ~1  satisfies conditions (i) and (ii) in Remark 2.2. It was mentioned 

in this remark that ( ) jjj uw φη= D:  is such that 

 ( ),~ 2
jjjjj LfwA Ω′∈φ= D  

( ) ( ) ( ),0,0\:,det~ 2
1

,
jjjjjj

jA

j HDg
w

Ω′∂=Γ′Γ′∈φφ−=
∂
∂

D
ν

 

where jA  is a differential operator of the form (2.4), where the 

coefficients satisfy the conditions in (2.5). Since (2.3), Theorem 3.1 (note 

that det ( )jj CD Ω′∈φ 1,0  is bounded away from 0), and Theorem 3.2 

imply that ,jAT  defined as in (2.7), is one to one, we may apply Lemma 2.4 

to conclude that ( )jj Hw Ω′∈ 2  if ( ).,0 π∈ω j  Thus, due to Theorem 3.2 

( )Ω∈η 2Huj  then. 

Let us now consider the case ( ) :2, ππ∈ω j  We will show that there is 

a unique number jc  such that 

( ).2 Ω∈ρ−η Hcu jjj  (2.13) 
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It is an immediate consequence of Theorem 3.4 that 

( ) .21allfor <
ω
π+<Ω∈ρ

j
s

j sH  (2.14) 

A direct calculation shows that 

( ).~: 2
jjjj LL Ω∈λρ+ρ∆−=ρ   (2.15) 

We will also show that 

( ).~2
1

j
j

j H Γ∈
∂
ρ∂
ν

 (2.16) 

Of course, it is only necessary to consider points close to :jS  Let us 

consider the part of jΓ
~  that coincides with a part of .1+Γj  Then points on 

the boundary may be written as ( )( )tt ϕ,  with 

[ ] ( ) ( ),000,,01,1 ϕ′==ϕ∈ϕ aC   (2.17) 

for some .0>a  Points on that part of the boundary of jΓ
~  that coincides 

with a part of jΓ  may be written as ( ) ( )( ),cos,sinsin,cos jjjj tt ωω−ϕ+ωω  

where ϕ  again satisfies the conditions in (2.17). In both cases, we obtain 

that 

( ) (( ) ) (( ) )

( ( ) )
,

1

1sin1cos

2
12

1

t

t
r jjjj

jj
j

j j

ϕ′+

θ−λ+θ−λϕ′
λ=

∂
ρ∂ −λ

ν
 

( ( ) ) ( ) .arctan:,:,: 2
122

t
tttr jj

j
j

ϕ=θϕ+=
ω
π=λ  

This together with (2.17) implies (2.16). Together with (2.15) and 
Theorems 3.1 and 3.2, it then follows that 

( ) ( ) ( ).2
1

2
jjjjA HLT j Γ′×Ω′∈φρ D  
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Since Lemma 2.4 implies that ( ( ))jA HT j Ω′2  is a closed subspace in 

( ) ( )jj HL Γ′×Ω′ 2
1

2  of codimension 1, we now obtain that 

( ) ( ),2
jjjjj Hcw Ω′∈φρ− D  

where 

( ( ) )
( ) ( )

( ) ( )
,

,det~,~

:
2
1

2

2
1

2

jj

jj

HLj

HLjjjjjj
j

z

zDgf
c

Γ′×Ω′

Γ′×Ω′
φφ−φ

=
DD

 

( ) ( ),: jjAjj jTPIz φρ−= D  

and jP  is the orthogonal projector onto ( ( )).2
jA HT j Ω′  Another 

application of Theorems 3.1 and 3.2 now yields (2.13). 

Using the same idea as in the proof of Lemma 2.4, Theorem 3.9 
implies that 

( ) ( ).1 2

1
Ω∈η− ∑

=

Huj

N

j
 

This together with (2.13) implies the first assertion whereas the second 
assertion immediately follows from (2.14). 
 

Remark 2.6. We may now apply this result to the reconstruction 
problem from adaptive optics mentioned in the Introduction. The regions 

lΩ  are unions of annuli. Thus, the boundary is a curvilinear polygon. 
According to Theorem 2.5, the iterates of the Landweber-Kaczmarz 
regularization for the three examples in Figure 1.1 are in the space sH  
with 

Case 1. ,629.116 <= sz  

Case 2. ,689.110 <= sz  

Case 3. ,886.14 <= sz  

where in Case 2, the infimum is attained at the interior corners. 
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Thus, the smoothness of the regularized solutions to the atmospheric 
tomography problem is rather close to the expected one (see the 
Introduction). This might be the reason why Kaczmarz-1H  reconstructors 

usually yield better approximations than just Kaczmarz-2L  reconstructors. 

3. Some Properties of Sobolev Spaces 

For the convenience of the readers, in this section, we collect some 
properties of Sobolev spaces that are needed in the sections above. Proofs 
can be found in [3, 5]. There the results are formulated for general 
Sobolev spaces ., psW  We only need them for the spaces .2, ss HW =  

Theorem 3.1. Let Ω  be an open bounded subset of nR  and let 

( )Ω∈ρ α,kC  with s≥α+k  if s is an integer and s>α+k  otherwise. 

Then ( )Ω∈ρ sHu  for all ( )Ω∈ sHu  and there is a constant ( )scc ,ρ=  
such that 

( ) ( ).ΩΩ ≤ρ ss HH ucu  

Theorem 3.2. Let 1Ω  and 2Ω  be two open bounded subsets of nR  

and let φ  be a 1,kC  diffeomorphism between them: ,: 21 Ω→Ωφ  

.: 12
1 Ω→Ωφ−  Then the operators 

( ) ( ) ( ) ( )212121 :: Ω→ΩΩ→Ω ssss HHTHHT  

1−φφ D6D6 vvuu  

are continuous for .1+≤ ks  

Theorem 3.3. Let 0≥>> rst  and assume that Ω  is an open 

bounded subset of nR  with a 1,0C  boundary. Then there exists a constant 
( )rstcc ,,,Ω=  such that 

( ) ( ) ( ),Ω
−

ΩΩ
−
−

ε+ε≤ rst
rs

ts HHH ucuu  (3.1) 

for all ( )Ω∈ tHu  and .0>ε  
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Theorem 3.4. Let Ω  be an open bounded connected subset of ,2R  

whose boundary is a curvilinear polygon. Assume that Γ∈0  and let V be 
a neighbourhood of 0 such that 

( ){ },,0:sin,cos barrrV ≤θ≤≥θθ⊂Ω∩  

with .2π<− ab  Finally, let u be a function which is smooth in { }0\Ω  

and which coincides in polar coordinates with ( )θϕαr  in Ω∩V  with 

C∈α  and [ ]., baC∞∈ϕ  Then 

( ) ,1Re −>αΩ∈ sforHu s  

while 

( ) ,1Re −≤αΩ∈/ sforHu s  

when αRe  is not an integer. 

We also need some trace theorems. 

Theorem 3.5. Let Ω  be an open bounded subset of nR  with a 1,kC  

boundary .Γ  Assume that 1+≤ ks  and that σ+=− ls 2
1  with 0N∈l  

and .10 <σ<  Then the mapping 

,,,,








∂

∂γ
∂
∂γγ l

luuuu
νν

"6  

which is defined for ( ),1, Ω∈ kCu  has a unique continuous extension as 

an operator from ( )ΩsH  onto ( ).2
1

0
Γ

−−

=
∏

jsl

j
H  Moreover, this operator has 

a linear continuous right inverse. 
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The operator γ  above denotes the trace operator, the higher order 

normal derivatives are defined by 

.!
!: αα

=α
α

=
∂

∂ ∑ ν
ν

uDlu

l
l

l
 

Using the notation as in the section above, we get the following result 
for curvilinear polygons: 

Theorem 3.6. Let Ω  be an open bounded connected subset of ,2R  

whose boundary is a curvilinear polygon of class 1,kC  and assume that 
.1+≤ km  Then the mapping 

,
1,

0,1

−

==












∂

∂γ

mN

lj
l
j

l
j

uu
ν

6  

is linear continuous from ( )ΩmH  onto the subspace W of ( )j
lmm

l

N

j
H Γ

−−−

==
∏∏ 2

11

01
 

defined by the following conditions: 

Let L be any linear differential operator with 1,0C  coefficients and of 
order 1−≤ md  and denote by ljP ,  the differential operator tangential to 

jΓ  such that .,
0 l

l
lj

d

l
PL

ν∂
∂= ∑

=
 Then { } Wf lj ∈,  satisfies the condition 

( ) ( ) ( ) ( ),,1,1
0

,,
0

jljlj

d

l
jljlj

d

l
SfPSfP ++

==
∑∑ =  

for 1−< md  and 

( ) ( ( )) ( ) ( ( )) ,
2

,1,1
0

,,
00

∞<
σ
σσ−σ− ++

==

δ

∑∑∫ dxfPxfP jljlj

d

l
jljlj

d

l

j
 

for 1−= md  and 0>δ j  sufficiently small. 
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Moreover, this mapping has a linear continuous right inverse. 

Proof. The proof for a curvilinear polygon of class ∞C  and ∞C  
coefficients of L was given in [3, Theorem 1.5.2.8]. An inspection of the 
proof shows that the result remains valid also for curvilinear polygons of 

class 1,kC  and 1,0C  coefficients of L, provided that .1−≥ mk  The 
assertion about the continuous right inverse follows from the 
construction of the inverse in the proof of Theorem 1.5.2.4 together with 

Theorem 1.4.3.1 and Theorem 1.5.1.1 in [3] and Theorem 3.5.  
 

Corollary 3.7. Let Ω  be an open bounded connected subset of ,2R  

whose boundary is a curvilinear polygon of class .1,1C  Then the mapping 

,,
1

N

jj
jj

uuu
=








∂
∂γγ
ν

6  

is linear continuous from ( )Ω2H  onto the subspace W of ( ) ( )jj
N

j
HH Γ⋅Γ∏

=

2
1

2
3

1
 

defined by the following conditions: { } Wff N
jjj ∈=11,0, ,  is such that 

( ) ( ),0,10, jjjj SfSf +=  

( ( )) ( ( )) ( ( )) ,2
1,11,0,1

0
∞<

σ
σσβ−σ−+σ′α ++

δ

∫ dxfxfxf jjjjjjjj
j

 

and 

( ( )) ( ( )) ( ( )) ,2
1,11,0,

0
∞<

σ
σσ−σ−β+σ−′α +

δ

∫ dxfxfxf jjjjjjjj
j

 

 for some 0>δ j  sufficiently small, where 

( ) ( ) ( ) ( )jjjjjjjjjjjj SandS 2
1

21
1

12
1

11
1

2 :0: ++++ +=β≠−=α νννννννν  
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(assuming that jS  is the endpoint of jG  and starting point of 1+jG ). 

Here, 0,jf ′  and 0,1+′jf  denote the tangential derivatives 0,j
j

f
τ∂
∂  and 

,0,1
1

+
+∂
∂

j
j

f
τ

 respectively. 

Moreover, this mapping has a linear continuous right inverse. 

Proof. The conditions can be directly derived from the ones in 
Theorem 3.6 noting that for the differential operator 0100: auaLu +=  

uDauD 2101 +  the differential operators ljP ,  are given by 

( ) ,1
10

2
01000,

j
jjj

uaauauP
τ

νν
∂
∂−+=  

( ) .2
10

1
011, waawP jjj νν +=  

 

Remark 3.8. It is an immediate consequence of this corollary that for 

any functions ( ) ,,,1,2
1

NjHg j …=Ω∈  there exists a function 

( )Ω∈ 2Hu  such that j
j

gu =
∂
∂
ν

 satisfying the estimate 

( ) ( ),2
1

2

1
jHj

N

j
H gcu Γ

=
Ω ∑≤  

for some .0>c  This follows by setting jj gf =:1,  and choosing 0,jf  such 

that the conditions in Corollary 3.7 are satisfied and that 

( ) ( ),2
1

2
3

1
0,

1
jj Hj

N

j
Hj

N

j
gcf Γ

=
Γ

=
∑∑ ≤  

for some ,0>c  which is trivially always possible. 
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Finally, we cite some results about solutions to boundary value 
problems starting with smooth domains (cf. [3, Corollary 2.2.2.6]). 

Theorem 3.9. Let Ω  be a bounded open subset of 2R  with 1,1C  
boundary Γ  and let A be a strongly elliptic differential operator of the 

form (2.4) with coefficients ( ) ,0, 21
1,0 ==Ω∈ aaCaij  and .0>λ  Then 

the mapping 

,,








∂
∂

A

uAuu
ν

6  

is invertible from ( )Ω2H  onto ( ) ( ).2
1

2 Γ×Ω HL  Thus, 

( ) ( )
( )

,
2
122 








∂
∂+≤

Γ
ΩΩ

HALH
uAucu
ν

 (3.2) 

for some .0>c  

Theorem 3.10. Let Ω  be a rectilinear polygon with N segments ,jΓ  

corners ,jS  and interior angles ( ) { } .,,1,\2,0 Njj …=ππ∈ω  Then, 

there exists a solution ( ),1 Ω∈ Hu  unique up to an additive constant, of 

the Neumann problem 

,Ω=∆ infu  

,,,1, Njongu
jj

j
…=Γ∂=

∂
∂
ν

 

for ( )Ω∈ 2Lf  and ( )jj Hg Γ∈ 2
1

 if and only if 

( ) ( ) .01,1, 22

1
=− Γ

=
Ω ∑ jLj

N

i
L gf  
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Moreover, there are unique numbers jc  such that 

( )

( ),2

2,
1

Ω∈ρ−

ππ∈ω
=
∑ Hcu jj

N

j
j

 

where the functions jρ  are defined as 

( ) ( ) ( ) ,,,,cos:, Ω∈η







θ

ω
π=ρ ω

π

yxyxryx jj
jjj

j  (3.3) 

( )jjr θ,  denote the polar coordinates of ( )yx,  with origin at jS  such that 

( ) {( ( ) ( )) ( ) ( )},,0,,0:sin,cossupp jjjjjjjjjjjj rrrS ω∈θε∈θ+θθ+θ+=Ωη ∩

 for some 0>ε j  and [ ).2,0 π∈θ j  The functions jη  are ∞C  cut-off 

functions only depending on jr  with value 1 in a neighbourhood of jS  

and such that the support does not intersect kΓ  for j≠k  and .1+j  Note 

that 

( ) ,,,1,0,0 NC j
j …==

∂
ρ∂

Ω∈ρ∆≠ ∞ k
kν

 

and that ( ) ( )ΩΩ∈ρ 21 \HHj  if ( ).2, ππ∈ω j  

In addition, there exists a constant 0>c  such that 

( ) ( )
( )

,
2
122

1














∂
∂+∆≤

Γ=
ΩΩ ∑

jHj

N

j
LH

uucu
ν

 (3.4) 

for all ( ).2 Ω∈ Hu  

Proof. The proof immediately follows from Corollary 4.4.3.8, 

Theorem 4.3.1.4, and Theorem 1.5.2.8 in [3]. 
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