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Abstract

In this paper, we show that the weak solution to the Neumann problem for the

differential operator —Au + Au in a domain whose boundary is a curvilinear

polygon, is not merely in H' but in H®, where s < (3 /2, 2] depends on the

interior angles at the corners. We apply this result to the reconstruction
problem of turbulent layers in adaptive optics.

1. Introduction

The problem we are dealing with in this paper is motivated by a
problem from adaptive optics.

Since the wavefront of incoming light is distorted by atmospheric
turbulences, modern ground based telescopes use adaptive optics
systems, where one or more deformable mirrors are used to correct for

phase perturbations (see, e.g., [7]). In the case of multi conjugate
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adaptive optics (MCAO), multiple wavefront sensors as well as multiple
deformable mirrors are employed to achieve a high degree of wavefront
correction. The wavefront measurements from multiple directions are
used to solve the so-called atmospheric tomography problem, i.e., the
reconstruction of turbulent layers above the telescope. This problem is
severly ill-posed and has to be solved via regularization methods
(see, e.g., [1]). In [2, 6], this problem was treated with a Landweber-
Kaczmarz regularization method.

In this iteration method, the final step for the computation of the

H'-iterates consists in applying the adjoint of the embedding operator

from H'(Q;) into L?(Q;) for each turbulent layer I =1, ..., L, where
G
Q= U{(x, y)e R 1 rf < (x = Myay, )’ + (y = hby ) <15},
k=1

(ap, by) € R2, h; > 0, and G is the number of guide stars, i.e., Q; is a

union of annuli with inner radius r; and outer radius r, (see Figure 1.1).

Figure 1.1. Three different regions Q; : 1, =10, r; = 3, G = 2, (ag, by)
—(ay, b)) = (2, 0) with z = 16 (left), z = 10 (middle), and z = 4 (right).

To have some freedom, the authors of [2] use the following weighted

inner product in H L.

(Vu, Vo) 2 + Mu, v);2, A > 0.
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Let i:HYQ)—> L?*(Q) denote the embedding operator and let

f e I*(Q), then u := i*f is the solution to the problem
(Vu, Vo) p2(q) + Mus 0) 120y = (Fs V)20,

for all v e HY(Q), or equivalently, u € H'(Q) is the weak (variational)

solution of the boundary value problem
—Au+Aiu =f in Q,

U _ o on 0. (1.1)
ov

Considerations in adaptive optics show that the turbulent layers are
usually smoother than H', namely, they are in H® with s ~11/6
(cf. [2, Subsection 3.1]). Therefore, it would be advantageous if the

regularized solutions were also smoother than H 1. It turns out that this

is actually the case.

It is well-known that the solution u to (1.1) even satisfies u € H 2(Q),

if the boundary T is Cl1 orif Q is convex (see, e.g., [3, Sections 2 and

3]). It was shown in [3, Section 4] that the solution is an element of
H?(Q) with s € (3/2,2) if Q is a rectilinear polygon with non-convex
corners, where the value s depends on the angles larger than n. This

result was used in [2], where it was applied to annular regions where the

boundary is approximated by rectilinear polygons.

In the next section, we prove similar results for curvilinear polygons.
We follow the ideas of [3, Subsection 5.2], where such results have been
shown for Dirichlet problems. It turns out that the study of Neumann

problems is more difficult and not just a straight forward extension.

In the last section, some useful results about Sobolev spaces and
standard results about the solution to elliptic boundary value problems

from [3] are collected for the convenience of the readers.
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2. Smoothness of Solutions to Neumann Problems

We now fix some notations concerning the sets Q, we want to deal
with (compare [3, Subsection 1.5.2]): Q is an open bounded connected
subset of R2, whose boundary is a curvilinear polygon of class ch! (see
[3, Definition 1.4.5.1]). The interior of each of the Ch1 curves of the
boundary is denoted by I'; with j =1, ..., N. The curve I';; follows I;
according to the positive orientation on each connected component of T,
i.e., counter-clockwise at the outer boundary and clockwise for interior

curves. The endpoints of F_-, 1.e., the corners, are denoted by S i

Figure 2.1. Curvilinear polygon.

Thus, usually, S j will be the starting point of the curve [j1, except

for the endpoints of the outer and inner boundaries. Figure 2.1 shows a

curvilinear polygon with one interior curve: The outer boundary has 4

corners and the interior one 2; S, is the starting point of F_l instead of

ﬂ and Sg is the starting point of E instead of ﬁ
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Moreover, let x;(c) be the point on T, whose distance to S; is o.
Thus, for |o| small enough, x;(c) € I'; for 6 <0 and xj(c) € ['j,; for
o > 0. The interior angle between the tangents of the boundary curves
at the corner S;, ie., between x7(0") and x3(07), is denoted by

oj € (0, 2n)\{n}.

Finally, v; denotes a C%! vector field in a neighbourhood of Q,

J
which is the unit outward normal a.e. on ;.

Allowing non homogeneous boundary conditions, Equation (1.1) turns
into

Lu:=-Au+iu= f inQ,

M _ g onary, j=1,..,N, 2.1)
61/]'
1
where f e [2(Q), g j € H%(Tj), and A > 0. The variational formulation

for this problem reads as
N
(Vu, Vv)Lz(Q) + Mu, v)Lz(Q) = (f, v)Lz(Q) + Z(gj, U)Lz(l_j), (2.2)

J=1

for all v e H(Q). In the latter inner product instead of v one should
actually write y;v, where y; is the trace operator mapping a function

onto its restriction on I';. Wherever it is clear from the context we omit
Yj Noting that 0Q 1is of class Co’l, the existence and uniqueness of the
solution u e HY(Q) of (2.2) follows with the Lax-Milgram lemma and
Theorem 3.5. Moreover, we obtain the estimate

_ 1 1y
lullry < 270+ 202 | Ufl 2y + 22 Y leslzr) | 2.3)
=1
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for some ¢ > 0. This estimate shows that to guarantee the existence of a

solution u € H'(Q), the functions g ;j not necessarily have to be elements
1
of H2(T;). However, if we want to prove higher smoothness of the

1
solution u, i.e., u € H*(Q) with s > 1, then g; € H2(I;) is needed.

Figure 2.2. Transform of corner region.

The proof of the smoothness of the solution u is based on results

for regions with C"! boundaries and for rectilinear polygons (see
[3, Sections 2 and 4] and Theorems 3.9 and 3.10 below) combined with a
perturbation theory for problem (2.1) after a local transform of the region
close to a corner onto a set, where the boundary is rectilinear near the
corner with the angle unchanged. The transform we need is described in

the following remark:

Remark 2.1. Let us assume that Q is even simply connected with

only one corner (N = 1) and that (after a rotation)
x1(07)=(1,0) and «x{(07) = —(cosw;, sin o).
For |o| sufficiently small, we define the C! functions
x1(-0), >0, x1(o), >0,

ki(o) = Ko(o) =
S; + o(cos o1, sin ay ), c <0, S; +o(1, 0), 6 <0.
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Moreover, we define the transform

oS O y
, = —y— + - -5;.
o(x, ¥) H2(x Yam (01) R1(Sm 0)1) 1

Due to the inverse function theorem, a neighbourhood W of (0, 0) and an

¢ > 0 exist such that (see Figure 2.2 for a possible transform of regions):
() ¢ : W — B.(S;) is bijective, ¢ and its inverse p = ¢~ are Cb!
transforms.
(1) D$(0, 0) = I = Dy(S;) and 0 < ¢; < det Dd(x, y) < ¢g < o for all
(x, ) € W and some constants ¢;, ¢o. Here D¢ denotes the Jacobian of
0.
(iii) ¢(o, 0) = 21(s) for all (o, 0) e W, & > 0,
d(ccoswy, osinw; ) = x;(-c) for all (ccosw;, osinw; ) e W, o > 0.
iv) ¢(WN{(ccosh, csinB):6>0,0<60<w})=B(S)NQ.

Remark 2.2. Under a transform ¢ as in the remark above, also a
differential operator and boundary conditions are transformed: Let

Qc B.(S;)NQ be an open domain, whose boundary is a curvilinear
polygon of class CY! with only one corner S; that coincides with the

boundary of Q near S;. Thus, T = 6Q\S; is a CcY1 curve.
If u solves the boundary value problem
Lu:=-Au+iu=f inQ,

ou

2 =g on I,
vy 81 1
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1
with f e L*(Q) and g; € H2(I}), then it is an immediate consequence
of the chain rule and conditions (i1)-(iv) in Remark 2.1 that w = wuo ¢

solves the boundary value problem

Aw = (Lu)od = fod in Q = p(Q),

OW_ _ (g, »§)det Do on T} = Q'\(0, 0),
aUA 1

)

where A is again a strongly elliptic differential operator of the form

2
Aw = z Dl(aUD]w) + aiDiw + Aw. (24)

2
ij=1 i1
The coefficients of A satisfy the conditions
a; € CONQY), a; e L*(QY), % >0,
ajg = ag;,  a11(0, 0) = -1 = agy(0, 0), a12(0, 0) = 0,
2
D aylx, yEE; < -alEf +£3), (2.5)
ij=1

for all (x, y) e O, (&1, &5) € RZ, and some a > 0.

denotes the conormal derivative defined by

The expression

VA1
2
ow Z i
= aijviDjw,
aUA’]_ ; j:1

where vi is the i-th component of the unit outward normal at the

boundary I7.
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Note that Q' satisfies the conditions:

(1 Q' 1s an open bounded subset of R2, whose boundary is a
curvilinear polygon of class C>! with only one corner at (0, 0). Note that

2Q)' is of class C%1.

(1) The boundary Iy := 0Q'\(0, 0) is rectilinear close to (0, 0) with

interior angle o; € (0, 2rn)\{r}.

As in [3, Subsection 5.2], we need some preparatory lemmata for

regions with only one corner.

Lemma 2.3. Let Q' — R> satisfy the conditions (1) and (ii) in Remark
2.2 and let A be a differential operator of the form (2.4), where the
coefficients satisfy the conditions in (2.5). Then, there exists a constant
¢ > 0 such that

ow
61/A1

i

1w IIHl(Qf)} (2.6)

lwlgz@y < ¢l Awlzq) +
(@)
H2(1{)

for all w e H2(QY'). Moreover, it holds that the operator Ty : H*(Q') —

1
L2(Q)x H2(T3}), defined by
ow
Tiw = {Aw, —}, 2.7

has a finite-dimensional null-space and closed range, i.e., it is a semi-

Fredholm operator.

Proof. Let O c Q' be an open domain, whose boundary is a
rectilinear polygon that coincides with 0Q' close to (0, 0). It is always
possible to choose O such that all other angles (except ®;) are in the
interval (0, ). Moreover, let w € H2(Q') and let n be a C* cut-off
function equal to 1 near (0, 0) and with support in O. It will turn out

later on how small the support should be.
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In a first step, we consider nw : estimate (3.4) implies that

o(nw)
6UA,1

||||w||H2 o) sa ||A('lw)"L2(Q') 1
(@)
H2(I{)

a(nw) o(mw)

A+ 8) (1) |2y + [ . J 2.8)
H2(T{)

ov
for some ¢; > 0. Obviously,
(A + A)(nw)”LZ(Q) = 2C(ﬂ)||ﬂw||H2(Q) + ‘32"‘1“)"1{1(9 ) (2.9)
for some ¢y > 0 and
c(n) = ma Mari(x, ¥) + 1], laga(x, ¥) +1|, |ara(x, ¥)[}-

(x, y)esupp(n)ﬂ
Noting that T is of class C>! and that
g 8\
it = lelty, ¢ [ EOEO dogeyaot
H2(IY) g~
we obtain together with

ow) _ o(nw)
aUA 1 61/1

= ((ay; + 11 + a9vf) (Mw),

1 2
+(apgvr + (agg + 1) (nw),,
the estimate

lotw) |, omw)]

1 1
lova: o = 2*/5‘3(”)(”“”’96 Iz () +Inwy e 2(r1'))

HZ(F')

tC3 ("Vlwx ||L2(F1’) + 1wy ||L2(r1' ))’
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for some c3 > 0, where y; denotes the trace operator. Since 3Q' is of

class C%!, we may apply Theorem 3.5 and inequality (3.1) (with r = 1,
s =17/4,t=2) toobtain

onw) . od(nw)

vay v < C4((C(n) +&)nwlg2qy + € Il Hl(Q,)), (2.10)

H2(1y)

for some ¢4, > 0 and any ¢ > 0.
Due to (2.5), we may choose the support of n so small that

1
M= ey

Together with the choice € = 1/(4c;cy ), the estimates (2.8)-(2.10) yield
that

o(nw)
aUAJ

H2(I{)

Inwl g2y < ¢s ["A(ﬂw)"ﬁ(m + o+ ”nw"Hl(Q’)]’ (2.11)

for some c5 > 0.

Now we consider (1 — n)w : We choose an open domain Q" < Q' with
a b1 boundary, such that the boundary of Q" coincides with the
boundary of Q' outside of the set {n=1}. Then estimate (3.2)
immediately implies that

ol -nw

+ (X = w710 |,
var I3 = n)wl (@)

1@ = m)wl 2oy < C({"A(l = w2y + 1
H2(11)

(2.12)

for some cg > 0.
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Noting that for any p € C1(0)
[Aw) 20y < llp Aw] 2y + erlwl g1 oy »
for some ¢; > 0 (depending on p) and that, due to Theorems 3.1 and 3.5,

o(pw)
aUA’]_

A

1 cSllw”Hl(Q’)’

H2(17)

S WA
H2(17) ’

for some cg > 0 (depending on p), the desired estimate (2.6) follows from

(2.11), (2.12), and Theorem 3.1.

Since H?(QY') is compactly embedded in H'(Q'), the assertion on the
operator T4 being a semi-Fredholm operator is equivalent to estimate

(2.6) (see, e.g., [8, Satz 12.12]). a

Lemma 2.4. Let Q' c R> satisfy the conditions (1) and (ii) in Remark
2.2 and let A be a differential operator of the form (2.4), where the
coefficients satisfy the conditions in (2.5). Moreover, we assume that the

operator Ty, defined by (2.7), is one to one.

1
Then it holds that T4 maps the space H*(Q) onto L*(Q)x H2(T}) if

1
oy € (0, ) and onto a closed subspace of L*(Q')x HZ(I]) of codimension 1

if o; € (m, 2n).

Proof. In a first step, we consider the special case Aw = Lw = — Aw
+ Aw, A > 0. It is obvious that L satisfies the conditions in (2.5).

ow __ ow
UA,l 61/1 )

Moreover, (2.3) implies that A (7}, ) = {0}. Note that 5

1
Let f e L*(Q), g € H2(I7), and let w e H'(Q') be the unique

weak solution to

Lw=f in Q/
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ow
—_— = Iy.
v, 81 only

Moreover, let O < Q', Q" < Q', and n be as in the proof of Lemma 2.3.

Since

AMw) = =nf +2Vn - Vw + Anw — inw € L2(Q),

ow) n 3
anw _ o H2(Ty
6]}1 ngl + @1/1 'Y]_w € ( 1 )’

it immediately follows with Theorem 3.9 that
1 -nw e H2(Q).
Furthermore, Theorem 3.10 implies that
nw e H2(Q')if o; € (0, 1), nmw-c¢p; € H2(Q) if o e (r, 27),
for some ¢; > 0. This already implies the assertion in case o; € (0, m).

Let us now assume that o; € (r, 2n). Then w — ¢;p; € H2(Q'). Since

Lemma 2.3 applied to A = L implies that 7T;(H2(Q')) is closed in
1
L2(Q')x H2(TY}), it follows that
(f. &) =T +az, ve HYQ), z:=(-P)(Lpy,0)=0,

where P is the orthogonal projector onto 77 (H2(Q')). Thus, whenever
1
<(f, g1), Z>L2(Qr)XH§(1—1I) =0,

the solution u € H2(Q'). This proves the assertion.
Let us now consider the general case: We define the operators
Tt):=tTy +Q-t)Ty, ¢tel0,1].

Since the corresponding operators tA + (1 —¢)L satisfy the assumptions

of Lemma 2.3, we may conclude that T'(t) is a semi-Fredholm operator
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for all ¢ € [0, 1]. Noting that the operators T'(¢) depend continuously on ¢,

it follows with [4, Theorem IV-5.17] (see also the proof of [4, Theorem IV-
5.22]) that the index of T(t), i.e., the difference of the dimension of

N(T(t)) and the codimension of R(7T'(¢)), is constant. Since the operators
T; and T4 are one to one, R(7T;) and R(T4) have the same

codimension. The assertions now follow with the results for the special

case A = L. O

Now, we are able to prove our main result for curvilinear polygons

using the same notation as above.

Theorem 2.5. Let Q be an open bounded connected subset of Rg,
whose boundary is a curvilinear polygon of class Cch! with N segments

T, corners S;, and interior angles o; € (0, 2n)\{n}, j =1, ..., N. Then

problem (2.1) has a unique solution u € H(Q) for all f e L*(Q) and

1
gj € H%(T;). Moreover, there are unique numbers c; such that
N
2
u-— Z cipj € H*(Q),

i
o;e(n, 2n)

where the functions p; are defined as in (3.3). In addition, it holds that

ue H(Q) for all s <2 with s<1+inf{wi:1$j£N}.
J

1
Proof. Let f e L*(Q), gj € H2(T;), andlet u € H'(Q) be the unique

weak solution to (2.1). Let n; be a C” cut-off function equal to 1 near S;

such that the support does not intersect I, for k¥ # j and j + 1. Then

L(nju) = fj =mn;f —2Vn; -Vu-Anju € L2(§~2j),
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8(1’]]u) ~ 61’]] 1 _
o, BT g E H2(T;),

where Q j ©Q is an open domain, whose boundary is a curvilinear
polygon of class ch! with only one corner S; that coincides with the
boundary of Q near S;. Moreover, we assume that Q j contains the
support of n; and fj = 6(~2]~\Sj.

Let ¢; be a transformation satisfying conditions (i)-(iv) in Remark
2.1 near S; (after a rotation). Note that if supp(n j) is small enough, one
can choose Q j so small that it is contained in W;. Then Q) := p(Q i)=

¢71(§~2 j) satisfies conditions (1) and (i1) in Remark 2.2. It was mentioned

in this remark that w; := (n;u) e ¢; is such that

s 200
Ajwj = fj o0 « L),

ow ; ~ 1 , ’ '
5 L= —(8;°¢;)det Dy; e H2(T}), T} :=2aQ;\(0,0),
UA,]

where A; 1is a differential operator of the form (2.4), where the

coefficients satisfy the conditions in (2.5). Since (2.3), Theorem 3.1 (note
that det D¢; e Co’l(Q_’j) is bounded away from 0), and Theorem 3.2
imply that TAj, defined as in (2.7), is one to one, we may apply Lemma 2.4
to conclude that w; e Hz(Q'j) if ®; € (0, ). Thus, due to Theorem 3.2
nju e H%(Q) then.

Let us now consider the case o; € (r, 2n) : We will show that there is

a unique number ¢ j such that

nju—cjpj € H?(Q). (2.13)
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It is an immediate consequence of Theorem 3.4 that

pj € H*(Q) for all s<1+mi<2. (2.14)
J

A direct calculation shows that

Lpj = —~Apj +Apj € LZ(SN)J- ). (2.15)

We will also show that

op; 1

—L e H2(T;). 2.16
61/]- € ( _]) ( )
Of course, it is only necessary to consider points close to S; : Let us

consider the part of T ; that coincides with a part of I';,;. Then points on

the boundary may be written as (¢, ¢(¢)) with
peCho,a]l,  (0)=0=¢(0), 2.17)

for some a > 0. Points on that part of the boundary of I~“j that coincides
with a part of I'; may be written as ¢(cosw;, sinw; )+ ¢(t)(-sino;, cosw;),
where ¢ again satisfies the conditions in (2.17). In both cases, we obtain
that

op; o il @'(t)cos((h; —1)0;) + sin((A; —1)8;)

. jj 1
w; (1+ (1) )2

o(t)

T 2 9 \L
Aj ::m—j, ri= (7 + o))z, 0; = arctanT.

This together with (2.17) implies (2.16). Together with (2.15) and
Theorems 3.1 and 3.2, it then follows that

1
Ty;(pj b)) e L*() x H2(T}).
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Since Lemma 2.4 implies that T, (HQ(Q’J- )) is a closed subspace in
1
L2(Q’j )x H2(T) of codimension 1, we now obtain that

w; —cj(pj ;) e H(Q]),
where

<(7j ° ¢, = (& ° ¢;)det Dp;), Zj>L2(Q’j)xH%(F}-)
Cj = 1 4
Iz, ||L2(Q'j)xH5(r]’-)

zj = (I=P;)Ta;(pj ;)

and P; is the orthogonal projector onto Ty (H 2((2’]- )). Another
application of Theorems 3.1 and 3.2 now yields (2.13).

Using the same idea as in the proof of Lemma 2.4, Theorem 3.9
implies that

N
(1= "nj)u e H(Q).
j=1

This together with (2.13) implies the first assertion whereas the second

assertion immediately follows from (2.14). O

Remark 2.6. We may now apply this result to the reconstruction
problem from adaptive optics mentioned in the Introduction. The regions
Q; are unions of annuli. Thus, the boundary is a curvilinear polygon.

According to Theorem 2.5, the iterates of the Landweber-Kaczmarz

regularization for the three examples in Figure 1.1 are in the space H®
with

Casel. z =16 s <1.629,
Case 2. z =10 s < 1.689,
Case 3. z=4 s <1.886,

where in Case 2, the infimum is attained at the interior corners.
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Thus, the smoothness of the regularized solutions to the atmospheric
tomography problem is rather close to the expected one (see the

Introduction). This might be the reason why H 1 _Kaczmarz reconstructors

usually yield better approximations than just L?-Kaczmarz reconstructors.

3. Some Properties of Sobolev Spaces

For the convenience of the readers, in this section, we collect some
properties of Sobolev spaces that are needed in the sections above. Proofs
can be found in [3, 5]. There the results are formulated for general

Sobolev spaces W*P. We only need them for the spaces W2 = H?.

Theorem 3.1. Let Q be an open bounded subset of R and let
p e CH*(Q) with k+ o > |s| if s is an integer and k + o > |s| otherwise.
Then pu € H*(Q) for all u e H*(Q) and there is a constant ¢ = c(p, s)
such that

Itz < el s )

Theorem 3.2. Let Q; and Qy be two open bounded subsets of R"
and let ¢ be a ck1 diffeomorphism between them: ¢ :Q; — Qo,

oL Qg — Q. Then the operators

T : H°(Qq) > H(Qy) Ty : H¥(Q) > H*(Qy)

U uod vl—)voqf1

are continuous for s < k + 1.

Theorem 3.3. Let ¢t > s >r >0 and assume that Q is an open

bounded subset of R" with a cO1 boundary. Then there exists a constant
¢ =c(Q,t, s, r) such that

el s o) < el e o) + 087E||u||Hr Q) (3.1)
(@) (@) (@)

forall u e HY(Q) and ¢ > 0.
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Theorem 3.4. Let Q be an open bounded connected subset of Rz,
whose boundary is a curvilinear polygon. Assume that 0 € I' and let V be

a neighbourhood of 0 such that
VNQc{(rcosd, rsin®):r>0,a <6< b},

with b—a < 2n. Finally, let u be a function which is smooth in Q\{0}

and which coincides in polar coordinates with r%*e(0) in VN Q with
a € C and ¢ € C”[a, b]. Then
ue H3(Q) for Rea>s-1,
while
u¢ H(Q) for Rea<s-1,
when Re o is not an integer.
We also need some trace theorems.

Theorem 3.5. Let Q be an open bounded subset of R" with a cht
boundary T. Assume that s < k+1 and that s —% =1l+o0 with [ € Ny

and 0 < o < 1. Then the mapping

ou olu
ur Y%YE,,Y@ [
v

which is defined for u e Ck’l(ﬁ), has a unique continuous extension as

l -1
s=j—5 .
an operator from H®(Q) onto HH ! 2(T"). Moreover, this operator has
j=0

a linear continuous right inverse.
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The operator y above denotes the trace operator, the higher order
normal derivatives are defined by

— = — D%uw®.

ou i
ol o!

jaf=

Using the notation as in the section above, we get the following result

for curvilinear polygons:

Theorem 3.6. Let Q be an open bounded connected subset of Rz,

whose boundary is a curvilinear polygon of class C*1 and assume that

m < k +1. Then the mapping

N m-1 1

- . -1

is linear continuous from H™(Q) onto the subspace W of I | H" 2 (T;)
=1 1=

defined by the following conditions:

Let L be any linear differential operator with cO! coefficients and of

order d < m -1 and denote by P;; the differential operator tangential to

d l
T such that L = ZZ(:)Pj’l % Then {f; 1} € W satisfies the condition

d d
Z(Pj,lfj,l)(sj) = Z(Pj+1,l)fj+1,l(sj)’
=0 =0

for d <m -1 and

I,
0

for d =m -1 and §; > 0 sufficiently small.

2

d d
3 Bfi.) (- ) = Y (P tfjon) (x(0))| 22 < o,
=0 =0
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Moreover, this mapping has a linear continuous right inverse.

Proof. The proof for a curvilinear polygon of class C* and C*
coefficients of L was given in [3, Theorem 1.5.2.8]. An inspection of the

proof shows that the result remains valid also for curvilinear polygons of

class C*' and C%! coefficients of L, provided that k& > m —1. The
assertion about the continuous right inverse follows from the
construction of the inverse in the proof of Theorem 1.5.2.4 together with

Theorem 1.4.3.1 and Theorem 1.5.1.1 in [3] and Theorem 3.5. a

Corollary 3.7. Let Q be an open bounded connected subset of R2,

whose boundary is a curvilinear polygon of class CYY. Then the mapping

N
ou
U {Yj% Yj E} ;
j=1

N 3 1
is linear continuous from HZ2(Q) onto the subspace W of H 2(rj)- H2(T;)

j=1

defined by the following conditions: {fj,o, fia }]I\il e W is such that
f;,0(8;) = fj+1,0(S;),

2 do

6.
[kt 0@+ £34085C 0) =By (x50 22 <
and
8j , 2 do
[ it o o)+ Bifya (- o) = fraa (@) <2 < =
for some &; > 0 sufficiently small, where

2.1 1.2 1.1 2 2
oj = (Vjvj —vjvi)(S;) =0 and  Bj = (vjvjy +vivig)(S;)
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(assuming that S; is the endpoint of G_J and starting point of Gj,q).

Here, fio and [}, o denote the tangential derivatives %fj,o and
J

aL fjs1,0, respectively.
j+l

Moreover, this mapping has a linear continuous right inverse.

Proof. The conditions can be directly derived from the ones in

Theorem 3.6 noting that for the differential operator Lu := aggu + ag;

Dyu + a19Dou the differential operators P; ; are given by

2 1, Ou
Pj’ou = QoolU + (a01uj — alovj )_a’l'] ,

P-lw

1 2
7, (aOlvj + alollj )w

d

Remark 3.8. It is an immediate consequence of this corollary that for

1
any functions g; e H%2(Q),j=1,.., N, there exists a function

u € H?(Q) such that aa_u = g; satisfying the estimate
™
J

N
1
Il g2y < CZ"gj”H?(rj)’
=1

for some ¢ > 0. This follows by setting fj1 = g and choosing f; o such

that the conditions in Corollary 3.7 are satisfied and that

N X N L
E 1||fj,0||H5(rj) s czlllgj"HE(Fj)’
j= J=

for some ¢ > 0, which is trivially always possible.
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Finally, we cite some results about solutions to boundary value

problems starting with smooth domains (cf. [3, Corollary 2.2.2.6]).

Theorem 3.9. Let Q be a bounded open subset of R? with CY!
boundary T and let A be a strongly elliptic differential operator of the

form (2.4) with coefficients a;; € c%(Q), a; =ag =0, and L > 0. Then
the mapping

u - {Au, a—u},
aVA

1
is invertible from H?(Q) onto L*(Q)x HZ2(T'). Thus,

ou

o (3.2)

Ul 20y < ¢l 1Ayl 20y + ,
(i (@) [” I (@) %(FJ
for some ¢ > 0.

Theorem 3.10. Let Q be a rectilinear polygon with N segments T';,

corners S;j, and interior angles ©; € (0, 2n)\{x}, j =1, ..., N. Then,

there exists a solution u € Hl(Q), unique up to an additive constant, of

the Neumann problem

Au= f inQ,

ou .
GT]-: g; ondlj, j=1,..,N,

1
for f e I*(Q) and gj € H%(T;) if and only if

N
<fa 1>L2(Q) - Z(g]’ 1>L2(FJ) = 0.
=1
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Moreover, there are unique numbers c; such that

J
N
u— Z C]pj EHZ(Q),
=1
oje(n, 2n)

where the functions p; are defined as

i

pjlx, y) = rj“’f cos[mijej]nj(x, y), (x,y)eQ, (3.3)

(rj, 8;) denote the polar coordinates of (x, y) with origin at S; such that

supp(n;)NQ =S; +1{(r; cos(éj +0;), 7 sin(éj +0;)):7;€(0,¢;),0; €(0, 0;)},
for some &; >0 and éj € [0, 2n). The functions n; are C* cut-off

functions only depending on r; with value 1 in a neighbourhood of S;

and such that the support does not intersect T, for k # j and j+1. Note

that

a .
0 % Ap; € C*(Q), avﬁ:o, k=1,.., N,
k

and that p; € HY QNH%(Q) if o;j € (m, 2n).

In addition, there exists a constant ¢ > 0 such that

N
L (3.4)
H2(T;)

el g2y < C[”Au"LZ(Q) 3

| Ou
6]/]'

j=1

for all u e H%(Q).

Proof. The proof immediately follows from Corollary 4.4.3.8,
Theorem 4.3.1.4, and Theorem 1.5.2.8 in [3]. |
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